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Abstract 
In this paper we give a new construction for indecomposable simple (v, k, 2)-BIBD. As an 
application, we show that there exists an indecomposable simple (v, 3, 2)-BIBD for all 
v ~> 242 - 5 satisfying the necessary conditions. 
1. Introduction 
We begin with some standard efinitions from design theory. A (v, k, 2) balanced 
incomplete block design ((v, k, 2)-BIBD or simply a (v, k, 2) desion) is a pair (X, B) where 
X is a v-element set of points and B is a collection of k-element subsets of X, called 
blocks, such that each pair of points appears in exactly 2 blocks. When k = 3 the 
design is triple system. A design is simple if it contains no repeated blocks. 
One way to build a block design with larger 2 is to take a union of the sets of blocks 
of smaller designs based on the same set X. In particular, the union of a (v, k, 21) 
design with a (v, k, 22) design is a (v, k, 21 + /~2) design. Conversely, suppose that we 
can partition the blocks of a (v, k, 2) design so that each part induces a design with 
a strictly smaller 2. Then we say that the design is decomposable; the partition is 
a decomposition. A design with no decompositions is indecomposable. That is, let 
(X, B) be a (v, k, 2) design. Suppose there does not exist a subset A ( c B) such that 
(X, A) is a (v, k, 2') design where 1 <~ 2' ~< 2 - 1. Then (X, B) is indecomposable (or 
irreducible). 
The well-known ecessary conditions for the existence of a simple (v, 3, 2)-BIBD are 
2v(v-1)=O(mod6) ,  2(v -1) -0 (mod2)  and 2~<v-2 .  
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Dehon [5] proved in 1983 that 
Theorem 1.1. There exists a simple (v, 3, 2)-BIBD for every v and 2 satisfying the 
necessary conditions. 
Indecomposable simple designs were introduced in 1974 by Kramer [.8] who 
showed that 
Theorem 1.2. An indecomposable (v, 3, 2) design exists for all v = 0, 1 (mod 3), v t> 4, 
except v = 7. 
Kramer also showed that 
Theorem 1.3. An indecomposable simple (v, 3, 3) design exists for all v = 1 (mod 2), 
v~>5. 
Colburn and Rosa [4] proved that 
Theorem 1.4. An indecomposable simple (v, 3, 4) design exists for all v = 0, 1 (mod 3), 
v~>10. 
The following result can be found in [1, 12]. 
Theorem 1.5. An indecomposable simple (v, 3, 5) design exists for all v >1 19, 
v - 1, 3 (rood 6). 
In 1989, Dinitz [6] and independently Milici [9] showed that 
Theorem 1.6. An indecomposable simple (v, 3, 6) design exists for v = 8, 14 and all 
v~>17. 
For the general case of 2 > 6, Colbourn and Colbourn [3] constructed a single 
indecomposable (v,3, 2)-BIBD for each odd 2. As they noted in their paper, their 
technique does not extend to even 2. Shen [10] used the Colbourn and Colbourn 
result and some recursive constructions toprove the necessary conditions are asymp- 
totically sufficient. Specifically, if2 is odd, then there exists a constant Vo depending on 
2 with an indecomposable simple (v, 3, 2) design for all v t> Vo satisfying the necessary 
conditions. This result was proved using Wilson's Theorem and so the value of Vo was 
not specified. 
Archdeacon and Dinitz [1] had an interesting idea for constructing a single 
2-indecomposable partial triple system for each 2. They made use of the following 
theorem of Shen [11]. 
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Theorem 1.7. A simple triple system (v, 3, 2) can be embedded in a simple triple system 
(w, 3, 2)for every w >~ 2v + 1 satisfying the necessary conditions (see [-11]). 
This enabled them to obtain the following result: 
Theorem 1.8. An indecomposable simple triple system (v, 3, 2) exists for all v >>. Vo(2) 
satisfying the necessary conditions, where Vo(2) = 0(24) (see [1]). 
In this paper, we give a new construction for indecomposable simple (v, k, 2) 
designs, one feature of the construction being the numerical ease of proving the 
indecomposability. As an application, we show that an indecomposable simple system 
(v, 3, 2) exists for all v ~> 242 - 5 satisfying the necessary conditions. 
2. Construction for indecomposable simple (v, k, 7.)-BIBD 
An (m, k, 2)factor is a pair (X, B), where X is an m-element set of points and B is 
a collection of k-element subsets of X, called blocks, such that each point on 
X appears in exactly 2 blocks, that is, d(x, B) = )L for all x e X. A factor is simple if it 
contains no repeated blocks. 
Definition 2.1. Let (X, B) be an (m, k, #2) factor. Suppose there does not exist a subset 
A ( c B) such that (X, A) is a (m, k, #2') factor (or a A-decomposition of the (m, k, #2) 
factor) where 1 ~< 2' ~< 2 - 1. Then (X, B) is 2-indecomposable. 
Our new construction is based on the following idea. 
Lemma 2.2. Let a simple (v, k, 2) design contain a 2-indecomposable simple (m, k, #2) 
factor. Suppose that any decomposition of the design contains a 2-decomposition f the 
factor. Then the design is indecomposable. 
The following is our construction for indecomposable simple (v, k, 2) designs. 
We always let X be a set of m distinct integers, s be the sum of all integers of X, and 
¥be disjoint n-element set of points, say, Y = { ~1, oo2, ..., oon}. LetAx be a collec- 
tion of blocks on X, Ay be a collection of blocks on Y and Axy be a collection of blocks 
of which each block contains one point of Y and some points of X. 
Theorem 2.3. Let (Xw Y, AxwAyuAxy) be a simple (m + n, k, 2)-BIBD containing 
(Y, Ay), a simple (n, k, 2)-BIBD. Suppose that (a) al + a2 + ... + ak ---- O(mod 2) for all 
A = { al, a2 . . . . .  ak } ~Ax, and (b) the greatest common divisor of 2 and #s is 1, that is 
g.c.d. (2, #s) = 1, where # = (m - kn + 2n - 1)/(k - 1). Then the (m + n, k, 2)-BIBD is 
indecomposable. 
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Proof. It is clear that for all xeX,  d(x, AxuAruA~r)=A(m+n-1) / (k -1  ) 
and d(x, A~y) = nA, so d(x, Ax) =/zA. Suppose (X~ Y, AxwA'r~A'r) is a simple (m + n, 
k, A')-BIBD where A'x c A~, A' r c A r and A',r c Axr, and 1 ~< 2' ~< 2 - 1, then 
d(x, A~) =/zA'. That is, any decomposition of the design contains a k-decomposition of
the factor of (X, A~). Suppose (X, A~) is k-decomposable, then there is A'x ( c Ax) such 
that d(x,A'~)=l~A' for all xsX,  where 1-..< 2 ' , .<A-1 .  Since A'x=A~, from the 
condition (a) we have that 
(al + a2 + ... + ak) = /ZA'S =- 0(modA). 
{al,a2 ..... ak}~A'x 
But is is impossible that/~A's = 0(modA) since 1 ~< 2'--.< X-  1 and g.c.d.(A, #s)= 1. 
That is, (X, A~) is 2-indecomposable. Therefore, from Lemma 2.2 we have completed 
the proof. [] 
Theorem 2.4. Let (X, Ax~F) be an (m, {k - 1, k}, A)-PBD where F is a collection of 
all blocks with size k -1 ,  and A~ has no repeated blocks. Suppose that 
(a) (al + a2 + ... + ak) =- O(mod A) for all A = {al,a2 . . . . .  ak } EAx; (b) g.c.d.(A,/~s) 
= 1, where i~ = (m - kn + 2n - 1)/(k - 1); (c) F can be partitioned into Fi, 1 <~ i <~ n, 
such that each Fi has no repeated blocks and d(x, Fi) = 2 for all x E X and (d) there 
exists a simple (n, k, A)-BIBD. Then there exists an indecomposable simple (m + n, k, 
A)-BIBD. 
Proof. Let Y={ ~,  . . . ,on} ,  Axy={{~,a ,b} :  {a,b}¢Fi, 1 <.i<.n} and (Y, Ar) 
be a simple (n, k, A)-BIBD. It is easy to see that (Xu  Y,A,wAywAxy) is a simple (m + n, 
k, 2)-BIBD. From Theorem 2.3, it is also indecomposable. [] 
Theorem 2.5. Let m = 64, n = m - 3, Zm = { 0, 1, 2 . . . . .  m -- 1 }, and (Zm, A uH) be an 
(m, { 2, 3}, A)-PBD, where H is a collection of all blocks with size 2 and A has no repeated 
blocks. Suppose that (a') al +a2 +a3 =0(modA) for  all O~A={al ,  aA, a3}~A; 
(b') a, + aa + a3 =-2 - l(modA) for all O~A = {al,a2,a3}EA; (c') H can be par- 
titioned into: Hi, 1 <~ i <<. n, such that each Hi has no repeated blocks and d(x, Hi) = A for 
all x ~ X and (d') there exists a simple (n, 3, A)-BIBD. Then there exists an indecompos- 
able simple (m + n, 3, A)-BIBD. 
Proof. Let X = { 1, 2 . . . .  , m - 1, m + 1 }. Form Ax and F by changing the point '0' 
into 'm + 1' in the blocks A and H. It is easy to see that (X,A~wF) satisfies all the 
conditions in Theorem 2.4 with k = 3, so we have completed the proof. [] 
For k ~> 4, we have the following construction: 
Theorem 2.6. Let (Xw Y, A,y~Ay) be a simple (m + n, k, 2)-BIBD, (Y, Ay) be an simple 
(n,k,2)-BIBD, and Fi = {{al,a 2 . . . .  ,ak-1}: {~i,  al,a2, ... ,ak-1}~Axy} for 1 <<. i <<. n, 
Suppose that there is a Fi such that (X, Fi) is a A-indecomposable (m, k - 1, 2)factor, 
where 1 <~ i <<. n. Then the (m + n, k, A)-BIBD is indecomposable. 
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Proof. It is easy to see that (X, Fi) is an (m, k - 1, 2) factor for 1 ~< i ~< n, and any 
decomposition of the (m + n, k, )0 design induces a decomposition of each (m, k - 1, 2) 
factor. Since there is an indecomposable (m, k - 1, 2) factor, we have completed the 
proof. []  
3. Indecomposable simple (v, 3, ;t)-BIBDs 
We first construct a single indecomposable simple (122-  3, 3, 2)-BIBD for each 
2 I> 2 by applying Theorem 2.5. 
Let 
m = 6~., n=62-3 ,  Zm={O, 1,2 . . . . .  m-l} ,  
E i={0,1 ,2 , . . . ,2 - -1}+i2 ,  i=O, 1 . . . . .  5, 
Ei = {{a,b}: a,b~E, and a 4:b}, i=0 ,1  . . . . .  5, 
Eij(t) = {{a,b}: a E,, b~Ei and a + b -- t(mod2)} 
E, j={{a,b}:a6E i ,  b~Ei}, O<~i#j<.5 .  
Define 
A= U A(i), H= U Hi, 
i~EowE 3 1 <~ i <~ n 
where 
A(O) = {{O,a,b}: aeE, ,  b~E2, a + b - 2 - 1 (mod2)}, 
a( i )= {{i,a,b}: aEE, ,  beEE, a + b -  2 -  i(mod2)} for iEEo\{0},  
A( j )  = {{j,a,b}: aeE4, beEs, a + b - 2 - j (mod2)}  fo r j6E3 ,  
H(~- z)i+j = Ei, l +iwEz+i, 3+iwE,,+i,5+i fo r i=0,1 ,  1 ~<j~<2-2 ,  
H(~_z)(i+z)+j=Ei, z+iuEl+i,4+iuE3+i, 5+i fo r i=0,1 ,2 ,  1 -..<j--.<2-2, 
where 1 + i, 2 + i, . . . ,  5 + i are taken modulo 6. 
H5~-9 = EoluEzsuE45,  
Hs~- 7 = Eos~E14~EEs, 
Hsz- 5 = Eo4uE13uE25,  
H5~- 3 ~--- EosuE13 k-)E24, 
H5x- 8 = Eo2wE~4uE35, 
Hs,~_ 6 = Eo3wEz,wE15 , 
Hsa-4 = Eo,~EE3uE15, 
H5a-2+i=( U Ei)uE12(t)uE3a(t)uEso(t) fo r0~<t~<2- -2 ,  0~<i~<5 
H6A-3 :(0~<i~<5U E,)uE12(O)uE34(2--1)uEso(2-1). 
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It is easily checked that d(x, A) = 2 for all x e Zm and A satisfies the condit ion (a') and 
(b') in Theorem 2.5. It is also easily checked that each pair  of points on Zm appears in 
exactly 2 blocks of A uH, and H satisfies the condit ion (c') in Theorem 2.5. F inal ly 
there is a simple (n, 3,2)-BIBD from Theorem 1.1. Therefore we have the following 
result by applying Theorem 2.5. 
Theorem 3.1. There exists an indecomposable simple (122 - 3, 3, 2)-BIBD. 
Since a (v, k, 2) design which contains an indecomposable (n, k, 2) design as a sub- 
design is itself indecomposable,  it is easy to see that we have the following result from 
Theorem 1.7. 
Theorem 3.2. There exists an indecomposable simple (v, 3, 2)-BIBD for all v >1 242 - 5 
satisfying the necessary conditions. 
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